Study Notes for UPSC Exam - https://iasexanport :

F-DTN-M-TUBA

STATISTICS
Paper I

Time Allowed : Three Hours) | Maximum Marks ; 300

INSTRUCTIONS
Each gquestion is printed both in Hindi and in English.
Answers must be written in the medium specified in the
Admission Certificate issued to you, which must be
stated clearly an the caver of the answer-book in the
space provided for the purpose. No marks will be given
SJor the answers written in a medium other than that
specified in the Admission Certificate.
Candidates shoold attempt Question Nos. 1 and § which
are compulsory and any three of the remaining ques-
fions selecting at least one question from each Section.
The number of marks carried by each guestion is
indicated at the end of the question.
Assome suitable dara if considered necessary and
indicate the same clearly.
Notarions and symbols used are as usual.
Important : Whenever a Question is being attempted,
all its parts/sub-parts must be attempted contiguously.
This means that before moving on to the next
Question to be attempted, candidates must finish
attempting all parts/sub-parts of the previous
Question attempted. This is to be strictly followed.
Pages lcft blank in the answer-book are to be clearly
struck out in ink. Any answers that follow pages left
blank may not be given credit.
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1.

(@)

(b)

(c)

Section ‘A’

A tyre manufacturing company has three
production units A, 8 and C which produce
respectively 50%, 30% and 20% of the entire
production. Unit A is known to produce
5% defectives, unit B produces 3% defectives
and unit C produces 1% defectives. What
percentage of items in the entire produce is
defective ? If an item is found to be defective,
what is the probability that it was produced at
unit C? 12

A bivariate random vector (X, Y) is specified

by

PX>x,Y>y)= ). oy >0,
ENE N

Obtain (1) the p.d.f. (ii) the marginal p.d.f’'s
and (iii) the conditional p.d.f’s. When will
X and Y be independent ? 12

Examine whether the central himit theorem

holds for the sequence {X,,‘ nz l} of random

variables with

nzl. o
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1. (F) UF 7T a9 a7 =94t § A, B o ¢ @
T THRIZAT & TN Fol A FTFAW 50%,
30% 3T 200 TN FLHT E | THTE A 5% FIT
FeqTET A F [0 F1AT AT 2, T B 3% G
TV FTAT 2 AR TR C 1% TR IaH AT
21 T ST § R Fearaw o w4t gfdvigan
2 7 yt= U X @S9 I1gT AT 7, b T C
9% SeaTA T i [T g 12

(=) ua R af=es afawr (X, 1)

8-(_.r+.1'+().r_\'); N y>0,

0=sfO=<|

P(X>x, Y>y)=

g fafafes foar mar 2

aTw IS (1) TTerRar 99T F9 (i7) IUTT TS
FeAAdl R (1ii) TUTAY o9 FET @ | X AR
Y €99 & gt 7 12

() s= fifse o g FE AT 98y g FTdr
Tigt=r o F w0 {X, n= 1)

i
P(X, =n)=P(X, =-n)= o

P(X,=0)=1-~. u=1 ¥ f| 12
n’
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| (d) Assume that X follow the Binomial, B{n, ).
| and that the prior distribution of g is the
| Uniform, U(0, 1). Find the Bayes’ estimator
for @ using the squared error loss function.

12

(e) X;. X5, ..., X, is a random sample from the

normal distribution with 0 mean and variance

o%. Examine the validity of the following
statements ¢

n
: 2 . .
(i) TX{ is consistent for o?.
i

R 12 5. ) 2
(i) T=E%X" is unbiased for o~.

(iti) Tis sufficient for ol.

(iv) T is the UMVUE for o2. Ix4=12

2. (a) Define exponential family of distributions.
Identify two distributions each which
(i) belongs to the family and (ii) does not
betong to the family. Subslantiate your answer.
20
(b) For a continuous non-negative random
variable X with E (X) < e, show that for ¢ > 0.
l

E(X-tiX>1) =55 {”F‘(x)dx,

where F(x)= P(X >x). Evaluate the condi-
tional expectation for the exponential model

specified by
Flx)=&"*: x>0. 20
F-DTN-M-TUBA 4 (Contd.)
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() Few fifoe & x gz @eq, p(n. ) & wify
afeq &, s fF g &1 T wwEEH, U0, 1)
% | afifa 7f2 = w1 3T < 6 F fom
AT TS T BT | 12

(F) X, Xy e X, @ 07 R 0RO g2 A
TS24 ¥ UF aigieos gfac &1
Tt &1 dvar 1 s Fifone

() o & g )r[fXF a2
(i) o ¥ frg 7= 23 x? srafirre 2
1

(i) o? F U Tugig &)
Gv) o2 & fQ 1 cEEwwa: oAEaR gEr
safira arwers ¥ | 3x4=12
2. (%) & & wgmarht gau & afoarfya fifs
gyde & forg & gt & weum Hifse S ) ™
1 & 626 2 (i) T 999 & qewg A€ & | A9
Fav i qfe Aifoo | 20
(&) E(X) < T TF Haq H/AR T X F o
E&Tfi‘qﬁ?t>()a?ﬁrq

7_%—){ Fx)dx,

W& F(x)= P(X > x).

F(x)-—-e-x/’l: x>0 ¥ ffafde s gk Fef
& foru svfe=y geamn ferfera | 20

E(X-1]X>1)=
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{¢) Show that for a sequence of random variables
{X,}. convergence in probability implies
convergence in distribution. Is the converse
true ? Substantiate your answer. 20

3. (a) Based on a random sample of size n from the
discrete Uniform distribution

= (), otherwise,

obtain the UMVUE of N. Is this estimator
consistent ?° 20

(b) When will the Neyman-Pearson test and
likelihood ratio test be the same ? Obtain the
likelihood ratio test for testing Hy : p = p,

against Hy: p# p, based on a random sample
from the binomial, b(1, p). 20

(¢) A random sample of size n is taken from the
Poisson () distribution. Let N be the number
of observations which are equal to 0. Obtain an

unbiased estimator for é* and improve the
estimator using Rao-Blackwell theorem. 20
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() itz & argfeses =10 {x, ] F & aqg & forg
gTfiraraT # stfSrewer § sz ¥ srfagor o gafay
grar & | F e A € 7 A9 o 3 fag
i | 20

3. (F) ¥99d UHEHT F=29

=0 , 34,

¥ UMY n & OF argfees afuesl w annfer
N ® UMVUE 919 30 | #7 38 s &9
g7 _ 20

(@) A9-faada ooy iR awrfaar s axeror
& 99 g ? s b, p) & T Al
gieef | smarf@ By o p = p, FT T8
Hy:p# p, ¥ foeg e % forg swmfeam sreama
qreer g o | 20

(1) @Y e ()) & HTHT 1 FT OF ATgeaen gioast
formar mar &1 wm Sifse fF N 99 o Y
HEAT & ST Y /R & | ;4 1y smfea
AMFAF ITH FHAC 3R qa-=rFdsr o9 F7
ITART FIF T4 ATHASF &I G | 20
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(4. {a)

®)

{c)

5 (a)

Comment on the validity of the statement
“the S.P.R.T. terminates with probability one”.
For the geometric distribution with parameter p,
derive the SP.R.T. for testing Hy . p = pg
against H, : p = p,. Also obtain the O.C.
function. 20

Compare the Chi-square tesi and Kolmogrov-
Smimov test as tests for goodness of fit. Show
that the Kolmogrov-Smimov one sample test
is distribution free. Also state the large sample
distribution of the Kolmogrov-Smimov test
statistic. 20

Describe the relationship between confidence
interval estimation and testing of hypothesis.
Let X, X,, ........, X, be a random sample from

N(u, 02),u known. Obtain a confidence

interval for g*. 20

Section ‘B’
1 p O
X follow N3(0, £) where £=|P 1 P|.
0 p 1l

Find p such that (X; + X, + X3} and
{X; — X, ~ X;) are independent. 12

F-DTN-M-TUBA 2 {Contd.)
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4. (F) "wpwfas Tifawa wEE wdger arfdear
UF F Oy gEIY gaT € Fu i duar €€
fevauit forg i wrae p AT Ui T & forg
Ho:p=p0$TQﬁEMHl:p=plaTﬁ'@m
¥ forw gl yrRrea srama deor sgew
Fifong | dwrE afaeero wam @ ya fifong |

20

(@) & &t ey ST FemERE - feRAtE T
Y ArEAT-gEar F foo olwon & w9 § g
fiffe | s & FemRe-eE oF
afeed wrgwr sen-fada @) FrewEEnE-
ferama v i & geq afomt se &
ft waw $ifsg | 20
(7) fraEar saue weed R gfigeaAT-
o F 19 gy F1 v fifsw | amr fw

D, ST, G X, N(y, 02),;1 EI O Ush
argfeew gfdf 21 o° & forg o fanarerar-
T gre Fiferg | 20
ue ‘g

1 p O

5. (F) X N3(0, Z) Rrwifasagsmr s=|p | P

0 p 1
p i Hif fedr & (X, + X+ X;) K
(X, - X, - X;) @A | 12
i F-DTN-M-TUBA 9 (Contd.)
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(b) ¥,. Y, 1y and Y, are independent stochastic
" variables with common variance o and
E(Y,)=E(Y;)=pu+a; and
E()=E(Ys)=pu+az
(i) Examine whether « is estimable.
(iiy Find the best unbiased estimator of
(o) - az). |

(iii) Obtain the variance of the best unbiased

estimator of (&) — &) 12

{c) If fia Na
coefficients between X, and X5 X, and X5

X, and X; respectively then show that

and Ty, are the simple correlation

2 =N3

r = s he..
12:3 2 2
V=ri)1-r3)
Also examine the validity of the statement

“the range of the partial regression coefficient
i§ oo to +oa.” 12

(d) Distinguish between simple random sampling
with and without replacement. Write down the
expression for the number of samples and
the probability that a specified individual
is included in the sampte under both the
sampling schemes SRSWR and SRSWOR.

12

F-DTN-M-TUBA 10 (Contd.)
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(@) ¥, Y, Yy ¥R ¥, & STRH FEXA g?
@HT g ) E AR
E(ﬁ):E(yz)¥p+al LRI
E()=E(Yy)=u+a,

() s R e @ o dEaaE @
i) (o~ oy ) BT ABAH FARFT ATHeAH T
EREIE
(i) () -a,) F HETH FARMT ATherh FH
TERVT 9TH AT | 12
() afer, r o W, T X AR X X WX

2 3

X, X, %aﬁawmw%a’ra&rﬁq
f&

N Nha'm

23 \ﬂl“rm)(l_’zs)

T AT TR U HT ANEL oo &
+oo TF & FT Juam 1 o s Kt 12

(%) sfearafsa (SRSWR) aar gfemmaried
(SRSWOR) &< drgfoss gframat # smasia
Fifrr | At &) afeaa STl SRSWR R
SRSWOR ¥ st afcresif &t sear afte forelt
ffifie =fs ¥ ofef & aftfom € &
it ¥ forg eiwat & fafaw) 12
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(e)

6. (a)

®)

Denive the normal equations for estimating
the parameters of a lincar regression model
by the method of least squares. i2

Suppose that X follow the p variate normal
distribution with co-varignce matrix

2 2 2 2
o° po° po .. po

pot o pot . po?

Z=|po? pot o? .. po?

Lpo2 po’ po? . o* ]
Obtain the expression for the multiple correla-
tion coefficient R!,23_“p. 20
Write down the model used for one way
analysis of variance. The lifetimes (in hours)
of samples taken from three different brands of
batteries gave the following :
ng =3 n,=4, ny=6, x=40, y =55
- - 5 - 2 4 _ 2
z = 60, E(xj—x) = 400, }:](y‘r—y) =350
i=l i=

6 2
and E(Z;‘E) =850,

i=l
Test the hypothesis that there is no difference
in lifetimes for the three brands. Also write

down the ANOVA (F, |5 .05 =3-89), 20

F-DTN-M-TUBA 12 (Contd.)
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(%) ~pran wf-fafy & wwaw avamn o F
qTEAT T ATFAT T F o ATHS FHIHTON HY

SR A | 12

6. (F) 7w f& g,,..atmwmﬁwf%aﬁa%

ro2 2 2 27
6° pet poT .. OO
pat o7 po’ .. po’
T=ipo? pot o' .. po’
2 k!
| ps® pot pot .. o

ErGELRIGIC Y p%ﬁummﬁﬁqi

20

(=) wwut saeor fvamer ¥ faq godw § &g SA

arer Frast Y farfer 1 Sfedt & e s et &

fore o SFraA w (o §) & ofdf & ow €
fo=

n =35 n =43 n;zﬁ.:?:«’iﬂ.i:ﬁ,

| 2 z

7 = 60, é(l’,‘ —_‘{-)‘ = 400, g:(_\r‘,' _'}'.) =150

=i =1
2

i E(z, —z) = 850

i=1
afcrerr B AFY el & a8 o
T AEl & s arew Fifm ] ANOVA it

fofaT (55, 13,05 =3-89) ! 20

o
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{c) Suppose X = (X;, Xy, X3)l has co-variance

matrix
1 =20
2=1-2 5 0
0o 0 2

Obtain the first two principal components
of X. 20

7. (a) Let N =3, n = 2 and the possible distinct
samples are s) = (1, 2),55=(1,3)andsy=(2,3).
If SRSWOR is adopted, write down p(s;) for
i=12231If

Yzt Vo if 5 occurs
1=y, + 2}'3/3 if 5, occurs
Yar t ¥y if 53 occurs,

examine whether ¢ is unbiased for the popula-
tion mean. Also find the expression for w(1), if
unbiased. 20

F-DTN-M-TUBA 14 (Contd.)
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‘ () 7T X = (X, Xy, X,)! T AEIECT ATE

1 -2 0
r=|-2 5 o|®I
0 0 2
X F 9Um 1 qe 92 9Ty ifer | 20

7. (F) "1 N =3, =2 iR gva &7 gfamf
5= (L2 sy=(.3) sy =23 Tl
af aw afoos i afteaalea
SRSWOR YaHIT @7 &, ¥ p(s), i = 1, 2, 3

fafaw | afz

-vl/2 +y2/2 afe 5 ufdeq E\Eﬂ' %
I= ylf2+ 2y3f3 Qﬁ ) qﬁﬁ@?ﬂ%
."'2/2 +.v3/3 Qﬁ 53 qﬁﬁ @?ﬂ %,

s fg o 7 ¢+ aafe ana & oo safima
2| ofz sfima &, 9 v F fore ogores ot 7@
Rfore | 20
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(b) Bring out the relation between Hotelling’s
T2 and Mahalanobis D*. Explain how T2 can
be interpreted as an extension of the student’s
¢ statistic. Describe the uulity of Fisher's dis-
criminent fanction in classification problems.

20

(¢) Discuss on the advantages of using a BIBD.
For a BIBD with parameters (v, b, r, k, A),
show that
AMyv=1)=r{k=1) and bz v.

Also examine whether a BIBD is possible with
v=b=34, r=k=12 and A =4, 20

8. (a) What are inclusion probabilities ? Use this
concept to  define the Horvitz-Thomson
estimator. If' «; and &y, denote the first and
second order inclusion probabilities under an
arbitary ordered design of fixed size, show that

N
(i) X0y =V and
[

N
Giy T X ay=viv-1)
kz!

where v = E(v(s})) is the expected effective
sample size. 20

F-DTN-M-TUBA 16 (Contd.)
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(@) g T2 st srgatfam p? & o9 @aY A
oy §ifu | we @ F 72 & w3
ufdesta ¥ feaw & &9 & &% sgremy 1 o
ey 2 | afrecn mRere # fer fafaees
weq it IqAIRET &1 i Fife | 20
(1) uw dqfa uqe @ AfweAT (BIBD) &
IuEET F & a9t st fifan ) g
(v. b. r. k, A) & @01 @& BIBD & foo zufze &
Av=1)=rk-1) I h2v.

e AT v=b=34. r=k =12
W A=4 80F BIBDEVE 2 | 20

8. (F) sufafr wrfiarg # St § 7 gifdest e
ATHTEF T TICATINT F & FolT 70 qaeda T &1
I sty | e s & U O HiE
yfSrereqaT & w=ta afs o, 3R o, T9§ 41
fodra w0 &1 arfafe ofdearen & qufdr §,
Zufgu f&

N
(i) %ak =v 3T

N
Giy T X ay=v(v-1)
k!

el v = E(v(s)) Teara warst gfaaef g & |
20
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(b)y ifV . mep and Vopl respectively denote the
variance of the estimator of the population
mean under SRSWOR, stratified sampling
under proportional allocation and Neyman
allocation, show that

A% 20

v an > Vprop > apt

T

(¢) In a3 factorial experiment, each replication is
divided into 3 blocks of size 9 each and the
effect ABC? is totally confounded. Explain the
analysis of the experiment and set up the
ANOVA table. 20

F-DTN-M-TUBA 18
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arfeashr
oyq-a [
T ;. diT ave qorfer : 300
SEctl
goae 937 [t I it 1 7 g9 £1

gy} & IO} IE AW § fa@ s T, e I
19 gavr-97 8 forar 747 &, T 37 Anaw F7 o oA d
FH-g&F F §E-98 T sifFd [Afde & o3 &7 smar
13T | gIAIT-97 91 Sfecifara Areay & dfafoer a1 fFat
HTeT # for@ MU IOK 9T FiE 6F ALT A
QYT GRAT] HIR S5 Flqard § | arht g1 § & g ave &
FH -3 - T Qo I3 A [Feg] dter gedt & gax A0 |
gede I3 & oy fa 5% ;v & o # g U §
i3 4TaVTF g, 1 TUGTR Al T Fa7 FHHoTq FUT JAF!
fafde F1org |
I T X i gaferd Tg1a & Sar & |
ag ST g o oo Wt frAt gyT FTIaC T W@ &Y, a7
T g & it ST /I9-9T & IOT ar-arg 7 |
gaeT ordf ag @ (3 arrd gy @7 IO @ & fag st
e & g faoe gvv & @t 9T /IT-9TT & AT
- GHTH g AT | 5 T FT FHITS H JTACT FHAT |
FTR JfeeT 7 Tt SIS gU 98! FI Qe § {8 &7 & F
&) @rell g2 gu gv A & 715 for@ gu FHRT & HF T QY
S7d, QAT g &kt ¢ |

Note : English version of the Instructions is printed on
the front cover of this aquestion paper
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