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T / MATHEMATICS
997-99 I/ Paper I
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Question Paper Specific Instructions

Please read each of the following instructions carefully before attempting questions :

There are EIGHT questions divided in TWO SECTIONS and printed both in HINDI and in
ENGLISH.

Candidate has to rzh.‘e:npﬁ FIVE questions in all.

Questions no. 1 and 5 are compulsory and out of the remaining, any THREE are to be attempted
choosing at least ONE question from each section.

The number of marks carried by a question [ part is indicated against it.
Answers must be wrilten in the medium authorized in the Admission Certificate which must be

stated clearly on the cover of this Question-cum-Answer (QCA) Booklet in the space provided. No
marks will be given for answers written in a medium other than the authorized one.

Assume suitable data, if considered necessary, and indicate the same clearly,
Unless otherwise mentioned, symbols and notations carry their usual standard meanings.

Attempts of questions shall be counted in sequential order. Unless struck off, attempt of a question
shall be counted even if attempted partly. Any page or portion of the page left blank in the
Question-cum-Answer (QCA) Booklet must be clearly struck off.
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SECTION A

Ql. (a) FET=T((0,0,0,3),(1,1,0,0),(0,1,-1, 0] &1 afew gafe pd #1vF HYR
s o forn fareia foma o weman & 7 379 3a2 1 qfee hifem |

Can the set {(0, 0, 0, 3), (1, 1, 0, 0), (0, 1, -1, 0)} be extended to form a

basis of the vector space R? ? Justify your answer. 10

(h) MaFFTEIT: R - R, ST T(x,y, 2w =(X-wW,¥+1, z — w) ERI f&ar
% a7 ufir (), Fife (), 3tfte (Fer) SR vprar ar Ff |
Find the range, rank, kernel and nullity of the linear transformation

T:R*— R3 given by T(x, y,2, w) = (x - W,y + 2,2 — W). 10

(¢) T 6 et 3 sierd 2 tier ) ug srEaTH o s =eE & g ¥ | = A E =0
TSR AT BT BT AT & | T WET 6 Hershi i HISH U Gell ATATH §5h ST
%lwﬁwmmmﬁﬁqﬁﬁ@mmmﬁ |
A rectangular sheet of metal of length 6 meters and width 2 meters is
given. Four equal squares are removed from the four corners. The sides
of this sheet are now folded up to form an open rectangular box. Find

approximately the height of the box, such that the volume of the box is

maximum. 10

(d) femmmrgffix+y =fx) fly), o4l arafaF x, y % fow, fix) + O Freft off
areata x % fore of £00) = 2 ¥ | woft awafas x F o amisn & f(x) = 26x) 2 |
1a: fix) T4 HifS |

Given that fix + v) = fix) fly) for all real x, y, fix) # 0 for any real x and
£(0) = 2. Show that for all real x, f'(x) = 2flx). Hence find fix). 10
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| (e) 3§ v o T Fra il Fowht i &g (1, 1, 0) 2 e forer fdwer a6

y=0, x2+22=4%|

Find the equation of the cone whose vertex is the point (1, 1, 0) and

whose guiding curve is y =0, x2 + z2 = 4. 10

Q2. (a TAT T:R} - R2 g U Maw swawm 2 &F T, 1, -1) = (1, 0),
T(4,1,1)=(0, DFITT(L, — 1, 2) = (1, 1) | T I hrfere |

Let T : B2 — R? be a linear transformation such that T(1, 1, 1) = (1, 0),
T(4,1,1)=(0,1)and T(1,-1,2)=(1, 1). Find T. 15

(b)  WIEAHH WHY I Y4RT g frg ifsre
+ ﬁ {sin—l(g] < g + %

+ﬁ{sm—1[§){5+l. 15

&) @ m%mmmmmm,mh%gaam%am
sk x? + y2 = 16, z= 0§ S ToRAT 8 |

Find the equation of the cylinder whose generators are parallel

to the line % :-}é-r =§ and that passes through the curve
x2+y2=16, z=0. 10
(ii) o v
x-3 y-8 z-3 3 x+3 y+7 z—6
8 -1 " 1 -8 2 4
% st <t =em i1 1 Shife |

Find the shortest distance between the straight lines
x-3 y-8 z-3 x+d _y+7 _ 2-6
3—_1-1andH3—2—4.

10
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Q3. (a) Fr=fofEa e F1 @e (W) 9 3 garE Fif ;

P A T |
A=|-3 6 0 -1
1 s Ak 3
Reduce the following matrix to echelon form : 15
2 -2 2 1
A=|-3 6 0 -1
1 -7 10 2

(b) 3 Tt & wHieRor 7 Fifee g x2 + y2 + 22 - 2x + 2y + 42 - 3 = 0,
2X + ¥ + z = 4 § EIH T & 31 FHAT 3x + 4y = 14 %! T3 ad |

Find the equations of the spheres which pass through the circle
x2 + 72 + 22 - 2x + 2y +42—-3 =0, 2x + y + 2z = 4 and touch the plane
3 + 45! = 14, 15

(e @) J-J-ydxdy & | T4 IS, S8 R, v = x 9T y = 4x — x2 & glwg &
R
2
Evaluate II y dx dy, where R is the region bounded by v = x and

R
y:4x—x2. 10

G) TRux,y)=x fg] + gg] 2, el £ 9t g e w8, 41 aviee e

3, ¥
I x 2 +yﬁ—u=xfl]%,
oy =

o
2 -2 2
i spl® + 2xy o +}'2a—u:l}%l
ox? Ox Oy oy

fux yl=x1 [F) + g(i}, where f and g are arbitrary functions,

. 3 &

then show that
1. x@ +}.rE =xf[1).
x 2oy X
2 2 2
A AT L 10

S it + i
ox? Kyaxay ay?
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e+ yiezl-dx+2y—-4z+4=0

1 e vt e 78 2, S o6 e 1;ﬁ=y+3 2+ 1 HEER TR TF |
Show that there is no tangent plane to the sphere

x2+y2+ 02 _dx+ 2y—4z+4=0

that can be passed through the straight line

b aRAxy) =1 2y

x+6
2

=y+3=z2+1. 15

2 2
Y_ @ (x,y)+(0,0)

|. {}; W {xg Y] = I:Dy ﬂ}

2,/ £,,(0, 0) 3 £_(0, 0) 1 HifvT |

XN — 9>
If fix, }rll— T x2 eyt

[ xﬂ 2

when (x, v) =(0, 0)

then find

) (1)

(ii)

SLPM; "!';'""

| 0, when (x, y) = (0, 0),
f;q{ﬂ, 0) and f},x{m 0). 15
1 2 O]
AFEA=|2 1 -6
2 =2 3

F rfuereriurEr T 3R dra stfirerefor afew am i |

Find the eigenvalues and the corresponding eigenvectors of the

matrix 12
1 2 0
A=|2 1 =6/
2 -2 3

AP, RTC < n 3 S e 3w e i 3w & | wenfi A
dun[gz) dim Py — dim P,

Let P, denote the vector space of all polynomials of degree < n over
R. Verify that

M[E\F dim Py — dim P, 8
kPE A
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SECTION B
Q5. (a) (1_ 2 E}'d-"’\‘ _ ¥y 1—-—1}@3&'%@
x2 x dx 42
(dy ydy  y*
Sulve[l —y +_Jkd; 2;E+X—2—D. 10

(b)  wvfi drefge, ok s1e Frdwnian aveii 3 vt £, =7 sraeer axfieor sATEw |

Form the differential equation of all ellipses whose axes coincide with
coordinate axes. 10

(c) T AT e yealt ol 7ot oz 3 aAmer w1, Y foh ey v g s fopr T & 3
A AR 2, ofe g defgera e A1l (w9, HraE R § @ e o

St & 2 R e 2 | e ST $ i)

Prove that the time taken by the Earth to travel over half of its orbit,
which is separated by the minor axis and is remote from the Sun, when
the Sun is at the focus of the elliptic orbit, is two days more than half of

the year. The eccentricity of the orbit is taken as 51_[} : 10

(d) ﬁmw%ﬁ:mﬁw@ﬁ%ﬁa}@mﬁmahﬁ% e e i gt 2a 2|
A0 3R BO amuﬁﬁﬂ%ﬁﬂwwmaﬁﬁdﬂtﬁWWL}m%mﬁ
el S & &faTs [ § a1 d, AB & e O 1 rend &, 4 awite B su S, f
St wiefl &, S urEd ¢

=

12 - 32 = 92 Lmsh[ﬂ]— 11
C,

g fearmar g

Given that A and B are two points in the same horizontal line distant 2a
apart. AO and BO are two equal heavy strings tied together at O and
carrying their weight at O. If/ is length of each string and d is depth of O
below AB, then show that the parameter e of this catenary, in which the
strings hang, is given by

12 - @2 = 902 [ﬂush[ﬂj—l]. 10
c

(e) Elﬁ’u:x+y+z, v=32+5r2+223ﬂ{ W =Xy + VZ + ZX %,?ﬁﬁ?ﬁ'ﬁt{ﬁ
grad u, grad v 31 grad w @9qeig ¥ |

[fu=x+y+z v=x%+y>+22 and W = Xy + ¥z + zx, then show that
grad u, grad v and grad w are cr.:-planar. I0
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Q6. (a) Hﬁﬂt}aﬁtgt)%mmm F(s) 3 G(s) & @ fag Ffifse &5

= F(s) G(s) & | 38 9TOIH &1 S0 Hd gY, Tl

[I fix) gt — x) dx

L
s I y(x) sin(t - x) dx FETERE|
0

If F(s) and G(s) are Laplace transforms of f{t) and g(t) respectively, then

|

= F(s) G(s). Using this result, solve the

t
prove that L {I f(x) g(t — x) dx

I

t
equation y(t)=t+ J y(x) sin(t — x) dx. 15
0

(b) T weare =i, ot wrekfaen ofad a 8, %1 U B e fiig O e @ s s
THC BT T T 9T F07 37 81 2 | ST 1 Fean A= 6t 7% fig ¢ 7 7o 7
I ST & S 9o 98 AT Wi <ismg & F AT 7 €1 9 qur fe sig i s
# | Ak S @ g Ui FW F W & awew ¥, al uisy R o#w

\f(zf ]mﬁaﬁﬁaﬂmmaﬂaTM|

One end of an elastic string, having natural length a, is fixed at some
point O and a heavy particle is attached to the other end of the string.
The string is drawn vertically downward till it is four times its natural
length at the point C and then released. If the modulus of elasticity of the
string is equal to the weight of the particle, then show that the particle

will return to the same point C in the time JE [Eﬁ + %[] 15
£

() () ox, vy z) =x2y2z2 T:h‘rﬁ:.; (1,1, - 1), FF x=¢e', y=2sin t + 1,
Z=1t-cos t,%%ﬁt:ﬂmwﬁmiﬁfﬁmﬁﬁ?ﬁ-mﬁﬂmm

3 Fifew |
Find the absolute wvalue of the directional derivative of
olx, v, z) = x2y2z2 at the point (1, 1, —1) in the direction of the

tangent to the curve x=et, y=2sint+1, z=t-cost, att=0. 10
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HY ARV, B el V., He0 ¥x E..-—aﬂt"ﬁ T L
ot at
R H B E o1
ot ot
" — - oH > aE
IfFV.E =0, V.H=0, VXxE =—-—= and Vx H = =,
at at
2 _ °H 2E
then show that V2H = and ?ZE = ; 10
; a2 at2

Q7. (a) UH 3 e I fsar & g e & fo ww anfiiefiw wER fmr gen 21 wfe
T g7 9, Fora oft 2, et & wed I fofg w e 2, o iy o wgem feem 2

A solid sphere rests inside a fixed rough and hemispherical bowl of twice
its radius. If a large amount of weight, whatsoever, is attached to the
highest point of the sphere, then show that the equilibrium is stable. 15

(b} ql') lixy + ¥2) dx + x2 dy], 98T C, Tl y = x 3N y = x2 ZAT 9SG &7 1 g
c
2, ¥ foru wwaer § off7 =51 v wearfua $ifsa |

Verify Green's theorem in the plane for i} [(xy + y2) dx + x2 dyl, where
C
C is the boundary of the region bounded by the curves y = x and y = x2, 15

43 : 3
(@ mammﬂw(uﬂ] =§(x+}r][ _d—f’r]
_ 8a . dx

dx

o =9 B 3K fafas ver 7 fifso |
Find the general solution and singular solution of the differential

TR (. dy

uation | ] —{x+ ) 1——] 10
eq 1+ 4 ¥) | 5
3 2
(11) 333?‘:; + 3}12% + xg—i +v=xlog XWT‘EWWI
3 2
Find the complete solution of x3 3d = Bxgd—}—r - }IE +v=xlogx.
ax® dx? dx

10
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Qs.
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(a)

(b)

(c)

HaFA T (x + 2}‘123‘2’ - (2x + 5}% + 2y = (1 + x) & I Ur=e for=mo
fafer smo e ifem | o

Solve the differential equation (x + 2}‘{12_?; —(2x + 5}% +2y=(1+x)e*
by the method of variation of paramete{i:s(. 15

U7 THIAEEHe® (<x<a, 0<y<b, 0<z<c¢™
—
F :[(xz-}rﬂhi +lf}.i'2—zx}3 +(zz—x:,r}£|

o foru ey syumTor yie genfie fifs |

Verify Gauss’s divergence theorem for

= R A P
F = [(x2 - y2)1i + (v%2 — zx)] + (22 — xy)k], taken over the
rectangular parallelopiped 0 €x<a, 0£y<h, 0<z<ec. 15

U= F01 1 HEATIL Tt 7 JATh AT -7 et et el e o =t gies

Ao 2T w % AT e e foag & waifia e s € | Swisy o

(i)  (u? < 2ag)FHfom: Fu faet smg Wi § wne ffe & smaum
{about}a-ﬁ?ﬁw%,

(i) (u?>5ag)Ffag; 0T quie; A i ST 8, 3

(iii) (2ag <u? < 5ag) & foru; vy, @ &1 us wfl 6 fRen o, s dfes & w

2
mmm%@gam,aaﬁsma:%
2

A particle is projected inside a fixed smooth eylinder with circular
cross-section in a vertical plane from the lowest point with initial
horizontal velocity u. Show that for

(i) (u? < 2ag): the particle oscillates about the mean position in
the lower half,

(i)  (u= bag); the particle executes complete circular meotion,
and

(iii) (2ag< ul < Hag); the particle will leave the curve in a tangential
direction, making an angle o with the horizontal

uZ - 2ag
3ag

guch that cos o = 20
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